Abstract. Let d be an odd positive square free integer. In this paper, we determine the rank of the 2-class group,
Introduction
Let k be a number field and Cl 2 (k) its 2-class group, that is the 2-Syllow subgroup of its ideal class group Cl(k) in the wide sens. It is known, by the Kronecker decomposition theorem, that any finite abelian group is the direct product of cyclic groups. Then the rank of Cl 2 (k) is the number of cyclic 2-groups appearing in the decomposition of Cl(k), that is also the dimension of the F 2 -vector space Cl 2 (k)/Cl 2 (k) 2 , where F 2 is the field of 2 elements. Several works are interested in determining the rank of Cl 2 (k). If k is a quadratic field, one can, by genus theory, easily deduce the rank of Cl 2 (k). For biquadratic fields, in [2, 3] , we have a structuring of all the fields k = Q( √ d, √ −ℓ), ℓ = 1, 2, such that Cl 2 (k) is of type (2, 2)
1
. The two papers [5, 4] studied the same problem for the fields k = Q( √ d, √ m), where m is a prime integer. In [6] , we find a determination of all the fields k = Q( √ d, i) whenever Cl 2 (k) is of type (2, 4) or (2, 2, 2). Also the paper [28] determined all the imaginary biquadratic fields whose 2-class group is cyclic. Moreover, in [12, 11] , E. Brown and C. Parry determined some imaginary quartic cyclic number fields k such that the rank of Cl 2 (k) is at most 3, and in [29] , the authors studied the rank of Cl 2 (k) whenever k is a real multiquadratic number field.
In this paper, we are interested in studying the rank of the 2-class group of some imaginary triquadratic number fields, that are fields
, then without loss of generality, we suppose that d is an odd positive square free integer. The method and technics used are based on genus theory, the ambiguous class number formula, the properties of the Hilbert Symbol, units of some number fields and some other results of the elementary algebraic number theory. The structure of this paper is the following. In § 2, we recall the ambiguous class number formula and the relationship allowing to calculate the rank of the 2-class group,
is computed in § 3. In § 4, we compute the rank of Cl 2 (L d ) according to prime integers dividing d. As applications, in § 5 we determine the integers d such that Cl 2 (L d ) is trivial, cyclic or of rank 2, and we thus deduce the integers d satisfying Cl 2 (L d ) is of type (2, 2), we end this section by giving the 2-part of the class number of some biquadratic fields. Finally, and as an appendix, in § 6, we present the polynomial generating the field L d . Before going further, we introduce the following notations.
Notations
• d: A positive odd square free integer, • ζ n : An nth primitive root of unity, • N: The norm map for the extension
The unit group of any number field L,
The set of roots of unity contained in a field L,
The maximal real subfield of an imaginary number field L, 
Preliminaries
, where d is an odd positive square free integer. It is known that O K is principal and h(K) = 1. Then, the 2-Syllow subgroup
, the group of ambiguous ideal classes, is an elementary 2-Syllow subgroup satisfying the condition:
, and it is given by:
It is also well known, according to the ambiguous class number formula for a cyclic extension of prime degree, that
It follows that:
where t d is the number of finite and infinite primes of
3.
The purpose of this section is to determine the ideals of K that ramify in
Proof. Assume that d ≡ 1 (mod 4). We know that δ Q( Proof. Using the theorem of the cyclotomic reciprocity law (see Theorem 2.13 of [32] ), one can verify that, if p si a prime integer such that p ≡ 1 (mod 8), then there is exactly 4 primes of K laying over p. If p ≡ 1 (mod 8), then there is exactly 2 primes of K above p. By Proposition 3.1, the primes of K which ramify in L d are exactly the divisors of d in O K . So the number of primes of K which ramify in L d is 4q + 2(r − q) = 2(q + r).
The ring of integers of L d is given by
We end this section by the following corollary. Note that K is a biquadratic extension, then e d ∈ {0, 1, 2}. Thus the previous Theorem and the Formula (2) imply the following corollary. In this section, we will study the rank of the 2-class group of L d . Let us first collect some results that will be useful in the sequel.
is a Galois extension of Q whose Galois group is an elementary 2-group of order 4, and Q( √ 2) is the real quadratic subfield of K with fundamental unit ε 2 = 1 + √ 2, which is also a fundamental unit of K, then by Theorem 42 of [15] , the Hasse's unit index is equal to 1, i.e., 
2. We have:
. Since p contains a unique rational prime, then p |q, so p is unramified in L q . By the first item we To determine the rank of the 2-class group of L d , we have to consider several cases.
All the divisors of d are congruent to 3 (mod 8).
Begin by the following lemma which allows us to deduce the value of e d . 
Proof. Note that p Q(i) and p Q( √ 2) , the prime ideals of Q(i) and Q( √ 2) respectively over p, are totally decomposed in K. As p is inert in both Q(i) and Q( √ 2), so if p K is a prime ideal of K laying over p Q(i) and p Q( √ 2) , then :
Proof. By Theorem 3.3, we have Proof. Let p i a prime ideal of K laying over p i . By Lemma 4.2, we get
All the divisors of d are congruent to 5 (mod 8).
The following lemma is useful to deduce the value of e d in the case of this subsection.
Lemma 4.7. Let p ≡ 5 (mod 8) be a rational prime, then
Proof. Note that p Q(i) and p Q(
, the prime ideals of Q(i) and Q( √ 2) respectively over p, are totally decomposed in K. As p is decomposed in Q(i) and inert in Q( √ 2), then :
Proof. By Theorem 3.3, we get r 2 (p) = 2 − 1 − e = 1 − e. So e d ∈ {0, 1}. But according to Lemma 4.7, e d = 0. Hence r 2 (p) = 0. Proof.
with p is a prime ideal of K laying over p = p i . Thus, by Lemma 4.2, exactly one element in the set
Remark 4.10. Note that Theorem 4.8 can be a special case of Theorem 4.9, but since its proof is immediate, we separate it.
All the divisors of d are congruent to 7 (mod 8).
We begin by the following lemma.
Lemma 4.11. Let p ≡ 7 (mod 8) be a rational prime, then
Proof. Note that p Q(i) and p Q( √ 2) , the prime ideals of Q(i) and Q( √ 2) respectively over p, are totally decomposed in K. Moreover, p is inert in Q(i) and decomposes in Q( √ 2). So
and
Proof. By Theorem 3.3, we have r 2 (p) = 2 − 1 − e = 1 − e. And by Lemma 4.11, e p = 0. Hence the 2-class group of L is cyclic. Proof. By Lemma 4.2, we have
and for all prime ideal p i of K laying over p i . Thus
From which we deduce that e d = 0. As p i ≡ 7 (mod 8), so there is only two prime ideals of K laying over p i . Then, the number of ramified prime ideals of K in L is 2r. Hence, r 2 (d) = 2r − 1.
Remark 4.14. Note that Theorem 4.12 can be a special case of Theorem 4.13, but since its proof is immediate, we separate it. .
Proof. Note that this theorem is also in [7] , but here we demonstrate it differently.
Recall that, by Theorem 3.3,
prime ideals of Q(i) and K respectively. We shall calculate
where a and b are two integers such that p = a 2 + b 2 (see [24, page 154]). Since
.
On the other hand, we have by [20, page 323] and [24, page 160]
The following result is obvious. 
for all prime ideal p K of K laying over p. We have
Remark 4.17. Since
, for some prime of K laying over p.
Notation. In the sequel, the Hilbert symbol Proof. Assume that (a) and (b) hold. Then
, where p i (resp. p j ) is a prime ideal of K laying over p i (resp. p j ). So
(We similarly treat the case
Conversely, suppose (c) and (d) hold. Since ζ 8 and ε 2 are not norms in L d /K, then there exist i and j such that
Thus (a) holds. Suppose that (b) is not verified, then for all i = j satisfying (a) and do not verify (b), we have
so for all k we have 
i. ∀i ∈ I, p i ≡ 1 (mod 16) and ∃j ∈ I,
, ii. ∃i ∈ I, p i ≡ 9 (mod 16) and ∀j ∈ I,
iii. ∃(i, j) ∈ I 2 , p i ≡ 9 (mod 16) and
and for all these couples (i, j) satisfying the last condition,
and p j ≡ 9 (mod 16 • d is an odd positive square free integer not prime whose divisors are not in the same coset of Z/8Z, and d 7 is the product of those divisors which are congruent to 7 (mod 8).
• P k,n denotes the set of divisors of d which are congruent to k (mod n) or the set of rational primes which are congruent to k (mod n), if d has no divisor that is congruent to k (mod n).
• p k,n is a prime ideal of K laying over an element p k,n of P k,n By Lammas 4.2 and 4.11, we deduce the following result. 
If d is not divisible by any element of P 5,8 but it is divisible by at least an element of
, where e d Proof. Recall that, by Formula (2), the rank of the 2-class group of , thus e d = 1 if and only if ζ 8 = ε 2 in . From which we infer that ζ 8
is not a norm in L d /K, so e d = 0. Thus e d ∈ {1, 2}. As
. Hence e d = 1 if and only if for all p ∈ P 1,8 ,
. So the third item. 
ON THE RANK OF THE 2-CLASS GROUP... 13 
Applications
In this section, we will determine the integers d satisfying Cl 2 (L d ), the 2-class group of L d , is trivial, cyclic or isomorphic to Z/2Z × Z/2Z. For this, we need the following results. . We now determine integers d for whom the 2-class group of L d is of type (2, 2). For this we need the following results. Denote by q(
Lemma 5.2 ([28]). The rank of the 2-class group of
the units of the quadratic subfields
Lemma 5.6. Let p ≡ 5 (mod 8), q ≡ 7 (mod 8) be positive prime integers and
Proof. Let ε 2pq = x + y √ 2pq and ε pq = a + b √ pq be the fundamental units of Q( √ 2pq) and Q( √ pq) respectively. It is well known that N(ε 2pq ) = N(ε pq ) = 1.
Then a 2 − 1 = b 2 pq and x 2 − 1 = y 2 pq. Hence the unique prime factorization in Z implies that one of the numbers: x ± 1 (resp. (a ± 1)), p(x ± 1) (resp. p(a ± 1)) and 2p(x ± 1) (resp. 2p(a ± 1)) is a square in N. We claim that x + 1, a + 1, x − 1 and a − 1 are not squares in N, otherwise we will get for b = b 1 b 2 and y = y 1 y 2
= −1, which is absurd. Thus by [9, Proposition 3.3] {ε 2 , ε pq , √ ε pq ε 2pq } is the fundamental system of units of both
Proof. We proceed as in the proof of Lemma 5.6 by using [8, Proposition 3.1].
Our first main theorem of this subsection is as follows. Proof. Consider the following diagram:
So by Kuroda's class formula (see [23] ), we have:
. As Q Lp = 1 (see [7] ) and
Recall, by [10] , that h 2 (−p) = 4 if and only if . There are two cases to distinguish.
-If
And from [30] we deduce that h 2 (−2p) = 4 if and only if
= −1, then [7, Theorem 10] implies that the rank of the 4-class group is equal to 1, and from Theorem 4.15 we infer that h 2 (L p ) is divisible by 8. Then Cl 2 (L 2 ) = (2, 2). Which achieves the proof. Proof. Consider the following diagram :
So by Kuroda's class number formula we have :
Using Lemma 5.2, we get
Proof. Similar to the proof of the previous proposition, we get
where 
Proof. Suppose that p q = −1, so by class number formula we have
For the converse, suppose that p q = 1. As q(L d ) = 4 (Lemma 5.6), so the class number formula and [20] imply that 
Proof. Suppose that
For the converse, suppose that p q = 1. As q(L d ) = 4, then by class number formula and [20] we have
Since h 2 (−q 1 q 2 )(resp. h 2 (−2q 1 q 2 )) is divisible by 8 (see [20, 14] = −1.
5.3.
The 2-part of the class number of some biquadratic fields. In this section we will use the previous results to compute the 2-part of the class number of some biquadratic fields Proposition 5.17. Let p be a prime integer,
Proof. Since L p is the genus field of K 1 , [L p : K 1 ] = 2 and h 2 (L p ) = 1(see Theorem 4.5), then by the class field theory we have h 2 (K 1 ) = 2. Consider the following diagram. Proof. By the class number formula applied on the extension L d /Q( √ 2), we have:
Q(i)
with K 1 = Q( √ 2, i). By Kuroda's class number formula: Proof. Proceed as in the proof of the previous theorem we get
By Kuroda's class number formula 
